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ADVERTISEMENT. 

O determine the diſtance of the ſun from the 
earth to a tolerable degree of accuracy, has long 

been held a problem of a nature as difficult as it 
is intereſting. Hence it has from time to time em- 
ployed the attention of many eminent aſtronomers ; 
and among the reſt the preſent * Profeſſor of Ma- 
| thematics in the Univerſity of Edinburgh has at- 
tempted a ſolution of it, founded upon the Theory 
of Gravity. Ji now five years ſince his calculus 
was publiſhed to the world ; and though his num- 
bers differed conſiderably from thoſe which had 
commonly been adopted by aſtronomers, yet the author 
of the following propoſitions had never the ſatis- 
faction of ſeeing his principles publicly examined, 
(which the great importance of the ſubject would 
naturally lead one to expect) or of knowing whe- 
ther they were held by the learned to be concluſroe 
or not. Prompted however by curioſity and a na- 
tural inclination for theſe ſtudies, he now and then 
amuſed himſelf in the peruſal of ſuch parts of the 
Doctor's Tracts as were concerned in the enquiry ; 
and having, as he humbly preſumed, found his cal- 
culations to be palpably wrong, and his principles 
* Dr Stewart, 
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1 
very unſatisfaftory, he thought it even incumbent 
upon him, as a lover of truth and a well-wiſher to 
the ſciences, to lay his abjections before the public. 


For. ſhould the private papers of a few of the more 


eminent mathematicians have anticipated the ſub- 
lance of the following propoſitions, ſtill there cannot 
but be a claſs of ſludents who would wiſh to ſee 
the enquiry reduced into ene entire point of vietu, 
and to have the Doctor's principles examined in 4 
manner pretty eaſy to be underſtood. — But the au- 
thor hopes tis unneceſſary to multiply apologies for 
his little publication; and therefore with the fob 
lowing, drawn from the time he has choſen for 
its publication, he ſubmits it to the candour of 
his readers. Should what he has writ prove as 
concluſtve againſt the method of determining the dif 
tance of the ſun by the Theory of Gravity, as he 
perſuades himſelf it is, it muſt be a new inducement 
to a careful obſervation of the * approaching Tranſit 
of Venus; as from it alone this important problem 
| frems capable of receiving a * and ſati factory 
ſolution. | 


Aud. 16, 1768. 
| jon 3, 1769. 
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PROPOSITION I. 


UPPOSING the orbit of the moon to 
be a circle, and to coincide with the 
plane of the ecliptic ; it is required to de- 
termine the forces with which the ſun diſ 
turbs the motion of the moon round the earth. 


Let M repreſent the moon in its orbit 
ABCD, E the earth, and S the ſun. Draw 
SM and produce it to 2, ſo that SE may 
be to S2 as SM* to SE*. Then, if SE 
repreſent the gravity of the earth to the 
ſun, S will repreſent the gravity of the 
moon to the ſun when at M. From the 

| B point 
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point 2 draw 2N parallel to ME, meeting 
the line SE produced in M Likewiſe draw 
ML parallel to EN, LE from the point L 
to the center E, and LO perpendicular to 
ME. The force of the moon to the fun, 
repreſented. by , may be reſolved into 
the two forces 2N, NS, and in thoſe di- 
rections. But the line SE repreſents the 
force of the earth to the ſun, which if 
taken out of the line SN leaves NE. Hence 
©Nand NE are the two forces which diſ- 
turb the moon in its progreſs round the 
earth; the joint effect of which in increa- 
ſing or decreaſing the gravity of the moen 
towards the earth in any part of its or- 
bit, as M, is what we are here enquiring 
— | 5 


From M draw MG perpendicular to EC, 
and put SE=a, CE or ME=r, EG or MF= 
; then, from the above proportion, S2= 


A= (by ſubſtitution) 


a... 
a* =2ay+r** 


From 


Th 


From S take SM= 4 20 = - 


a. 


= I ny If ry be rejected in 


the numerator, and r* in the denominator, 
the value of the fraction will be very near 
the ſame as before, (both numerator and 
denominator being decreaſed at the ſame 
time, and the quantities rejected being 
much leſs than the reſt) that is, M will 


then be == _—— nearly; which expreſ- 


nearly, and there remains M 


The triangles SME, ML, are ſimilar ; 
hence SM= Va —2ay+r* Sang: SE=a: : M2 
2 2: ML ==; and SE =a: ME =r::ML 


Ee, | That part of the diſturb- 
ing Re BG . by 2L acts in the 
direction M or ME from M towards E, 
and conſequently increaſes the gravity of 
the moon towards the earth. — The force 

B 2 M2 


Xt 4 1- 

M2 may be reſolved into the two forces 
& and LM, and in thoſe directions. Q 
acts directly towards the earth, and there- 
fore need not be reſolved into any other 
forces. The force ML and the remaining 
part LN are reduced into LE, and in 
that direction. This, again, is reſolved 
into LO, OE, and in theſe directions. Now 
the force LO is exactly balanced when the 
moon is at a point equidiſtant from C 
on the other fide of its orbit, and there- 
fore, taking a whole revolution together, 
does not diſturb its motion round: the 
earth. The force OE therefore is what 
we are to eſtimate. 


From the fimilar triangles LOM, EFM, 


MELxMF 
we have MO = CT 


ra (by beg for 2 its value) 


1— 
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e = (by reduction) to 
203? —200)— ar +2ar*y— 25 g2, 
* —3ay+2* 
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This force is in the di- 


rection EM, and conſe- 
quently leſſens the gra- 


vity of the moon to the 


earth. Hence, if the force 
e = (by ſubſtitu- 


tion) *— zy *ay—2r"'s — 
rxat—3aj+29* 


ken from the above, there 


will then remain 


3a'y — yp? e ? 


» 
- 


rx -g 

an expreſſion for the force 
that muſt be deducted 
from the gravity of the 
moon to the earth, in or- 
der to obtain the true 
force with which the 
moon is umpell'd towards 
the earth when at M. If 
7* in the numerator, and 


2 in the denominator be 


ne- 


FT WS 
neglected, and a ſtruck out of every term, 


ae. 
we have — =the true diſturb- 


rx4—3y 
ing force nearly. (For beſides the terms 
neglected bearing but a very ſmall pro- 
portion to the reſt, both numerator and 
denominator are diminiſhed at the ſame 
time, conſequently the value of the frac- 
tion muſt be very little altered.) Again, 
if 2y* and r*y be likewiſe neglected, 
the expreſhon for the diſturbing force 
becomes — which, though leſs ac- 


curate * he above, is much more ſim- 
ple, and turns out the very ſame that 
profeſſor STEWART has found prop. 6th, 
tract 4th, of his Tracts Phyſical and Ma- 
themarical, as will eafily appear, by in- 
troducing our ſymbols into his conchu- 
ſions, &c. 
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Co ROLLARVY I. 


When the moon comes to X, the other 
end of the diameter MX, the diſturbing 


force will become — 5 being 


| here negative. Hence half the ſum of 
theſe two forces will be a mean ſolar 


32 hs. 1126 —3r 5: : z 
one, and = —— And if Dr 


STEWART'S expreſſion, found above, be 
reduced in like manner, we ſhall have 
SL for the mean force; which is the 
ſame as that he has determined prop. 8th 
of the before-mentioned trac. 


CoROLLARY II. 


The proportion between the mean ſolar 
force determined above, and the force of 
the moon to the earth, is eaſily deter- 
mined. Let p repreſent the periodic time 
of the moon round the earth, P the pe- 

riodic 


B 
riodic time of the earth about the ſun; 
then, the force of the earth to the ſun, is 
to the mean ſolar force, as a 1s to 
, And (by the laws of 
TRA | | f * 4 1 
central forces) the force of the moon to 
the earth, is to the force of the earth to 
the ſun, as 7 to p.: Hence the force of the 
moon to ns earth, is to the mean ſolar 
9 
ra —- 9 | 
52 x 322 5 A 
— 422 


_— as is to gf x 


7 
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PROPOSITION I. 


Required to determine the proportion of 
the variation of the furs diſtance from 
the earth, to à correſponditts variation 
of the diſturbing force of the fun upon 
the moon at any point M m its orbit. 


[See 4 18. 


Tis proved by the writers on this part 
of phyſical aſtronomy, that the diftance 
of the moon from the earth increaſes and 
decreaſes, as the diſtance of the ſun de- 
creaſes and increafes ; but an indefinitely 
fmall variation of the ſun's diſtance, will 
fearce at all affet the diſtance of the 
moon. Therefore, in the expreſſion for 


che diſturbing force, viz.“ Eee, 


rxXa—2y 


7 may be looked upon as a conftant quan- 


* This will cafily appear from cor. 2, laſt prop. 


8 tity 


T v6 1 
tity, and, conſequently, y will likewiſe be 
given for any given point M in its or- 
bit. If therefore the expreſſion for the 


diſturbing force be thrown into fluxions, 


ſuppoſing only à variable, we ſhall have 


the variation of the diſturbing force = 


x VL. But the variation of the 


ſun's diſtance is a; hence the variation 
of the diſturbing force is to the variation 


of the ſun's diſtance, as Foxy x 20 — 


to =. 


If pr x= —== be neglected from the dif. 


turbing force, (u being ſuppoſed an in- 
definitely ſmall negative or poſitive quan- 


- tity) the variation in the ſun's diſtance, 


occaſioned thereby, will be found by this 
* 


proportion, viz. as r X—J K - Ar is to 


— — — 


” 
ny - 
= the variation in the ſun's diſtance, con- 
. ſe» 


-N „ ſo is gr e ex 


1 
ſequent upon neglecting an indefinitely 
ſmall quantity (n) in the numerator of 
the fraction, expreſſing the diſturbing 
force. 


CokoLLakyY I. 


For any given point in the orbit, _ the 
variation in the ſun's diſtance is as a—3y 
x1; that is, as the ſun's diſtance mul- 
tiply'd into the part neglected in the 
numerator, nearly. This 1s evident from 
what is gone before. If n be ſuppoſed 
conſtant, the variation will then be as 
43), that is, directly as the diſtance, 
nearly; for 3y is very ſmall compared 
with a. 


CoROLLARY II. 


Let us now ſuppoſe 52 xn to be any 
quantity neglected from the expreſſion for 
the diſturbing force; then proportioning, 

C2 as 


( 12 ] 

as above, there comes out lx e 
for a correſponding variation of the ſun's 
diſtance ; which is as the quantity ne- 
gleted multiplied into the ſquare of the 
diſtance, nearly; but if u be conſtant, 
tis as the ſquare of the diſtance direct- 
ly ; for 3y, as was obſerved before, bears 
only a very ſmall proportion to a. 


SCHOLIUM. 


From the laſt propoſition and its co- 
rollaries it will plainly appear, that the 
variation of the diſturbing force is ex- 
tremely ſmall, when compared with a 
correſponding variation of the ſun's diſ- 
tance, and this ſtill. leſs as the diſtance 
of the ſun is greater; a concluſion directly 
contrary to the opinion of Dr STEwART. 
For, in the preface to Tracts Phyſical 
and Mathematical, we have the follow- 
ing paragraph: © It is well known that 

the 
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u the various methods hitherto attempted 
to ſolve this curious problem, have 
1 failed in a great meaſure, on account 
4 of the vaſt diſtance of the fun from 
«© the earth; but the method hinted at 
“here, will give the ſolution the more 
accurately, the more diſtant the ſun is 
* from the earth; for it proceeds on the 
« ſuppoſition that the diſtance of the ſun 
from the earth is great.” 


Upon a ſlight view of the matter this 
aſſertion looks probable, For, if any 
quantity (n) be neglected in the nume- 
rator of the fraction expreſſing the diſ- 
turbing force, its value in the fraction is. 


as , which is evidentlyf leſs as a, or 


rxa—3y | 
the diſtance of the ſun from the earth, 
is greater: And therefore it would ſeem 
to follow, that it would leſs affect the 
diſtance of the ſun, determined by this 
method. But this, as we have found 
above, is juſt the reverſe. And here let 
: us 


N 
us conſider, whether the ſingle truth juſt 
demonſtrated, does not of itſelf ſufficiently 
prove, that the diſtance of the ſun can 
ſcarce ever be truly aſcertained by the 


theory of gravity. 


E I 1 
PROPOSITION UL 


The mean ſolar force for any point of the 


= 5 252. 2 — 272 
orbit, as M, being g ee. 


(cor. 2 prop. 1); it us required to find the 
ſum of all the mean forces for a qua- 
 drant of the orbit BC. 


Draw the line A. 


bc, equal to the | 
arch BC, and let | 
N, in the line, B | D 


correſpond to M, 
in the arch. At \ 
m eret a per- 
pendicular, and 
therein take mr 
equal to the mean 
diſturbing force 


b eg. As- 
at M= 555 x — Let this be 
| done 
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done for every point of the line bc, and 
draw the curve qr10 — theſe 


| 3 


From this conſtruction it may eaſily 
be ſeen, that the curve will cut the axis 
ze in ſome point as n, that is, when 
3a 7 =a'r'+65*+3t*7*; for then the or- 
dinate mr=0. From u to b the ordinates 
are all negative, and from n to c all po 
ſitive. 


Suppoſe y to be a flowing quantity, 
e eee 
* 


10 


— — — 


" = 
— r=1) then = 2 * 


— e =fluxion of the area of the 
1%a*—gy* 


curve lined ſpace obeg. The expreſſions for 
the ordinate being reduced into a feries, 


we have mr = +; x 


—_— — 0 
— - — 


Ez 


LEES. 


+ 


— 

TS —23ͤ — — 
— 

— 2 — — 


” . = 
Pe 22 
— ho — 
pa * - - A 
— 
—— Tz - 
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8 
T- &e. 


Therefore the fluxion of the ſpace = 


_ 3 
x 52 14225 . 55.8 
and the fluent, when y=1, becomes 5. * 


* =; ce _ 2 = Ke. 


+ 5 + 
c being put = line bc or 1 BC A= 422, | 
This expreſſion is equal to the difference 
of the two areas obn, and eng, or = cnq-0bn; 
that is, equal the ſum of the poſitive 
forces, that have acted upon the body 
in paſſing from B to C made leſs by the 
negative forces. 


c 


UW 


CoROLLARY I. 


Draw the line 1) parallel to bc, and 
at ſuch a diſtance from it, that the area 
thep may be the area cngq—obn; then 
will ch or cp= EN 

D —I+ 


—— a. ron iy =_ 
— — ũ ͤ —— 
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re "10875 10g. 
1 +EXE IE SIND +2 x=2&c. For 


the baſe c, multiply'd into this perpen- 
dicular, you the area of the parallelo- 


gram tbep HN e 5x ZE &c. S the 
curve lin'd area 3 above. This per- 


pendicular is therefore a mean ſolar force, 


which, when reduced, becomes = 2 
e, , being all along ſuppoſed 


CoROLLARY II. 


If the mean diſturbing force for the 
point M, made uſe of by profeſſor Stewart, 
be taken equal the ordinate mr, and the 
curve lined area, found and reduced in 
the ſame manner as above, we ſhall have 


844+90a*+729 
the mean ſolar force = 5; x = _— 


5 
SCHOLIUM. 


As Dr Stewart makes uſe of the mean 
ſolar force found above, for determining 
the ſun's diſtance, it will not be amiſs 
to examine what proportion a ſmall va- 
riation in the ſun's diſtance bears to a 
correſponding one in the mean ſolar 
force; and likewiſe, whether a mean force 
can properly be made uſe of in the en- 
quiry at all, or not. 


Let the variation of the ſun's diſtance 


be repreſented by a, then the variation of 


þ* _8a*+30a*+2 
the mean ſolar force, viz. r* N, 


will be found, when PRES into fluxions, | 
= fox ET, Therefore, the varia- 
tion of the ſun's diſtance is to the va- 
riation of the mean ſolar force, as 4a' x 
P* to Sn 54 ＋297, or (by neglecting 
297) as 44'x P. to 15. Hence it is 

D 2 plain 
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plain, that when the mean ſolar force 
increaſes, the diſtance of the ſun decreaſes, 
and e contra, and that in proportion as 


the cube of the diſtance directly. 


Here again we cannot help obſerving, that 
the greater the value of a (or the diſtance 
of the ſun) is, the leſs accurate will this 
method of calculation be. For, ſuppoſing 
the variation of the mean diſturbing force 
to be conſtant, the variation of the ſun's 
diſtance will be as the cube of the diſ- 
tance, very nearly. It will likewiſe evi- 
dently appear, that, to get the ſun's diſ- 


tance to any tolerable exactneſs, the mean 


diſturbing force muſt be perfectly true; 
for the variation in this is to a correſ- 
ponding variation in the ſun's diſtance, 


as 1 to 1 7 Taking a at the loweſt, ſup- 


poſe only equal 300 times the moon's diſ- 
tance, then the proportion of the variation 


2 
juſt mentioned, is as 1 to 2 — * Pr, 


or 


( 22 } 


or 7200000 x 178725 (Sbeing=1 78˙72 5.) 
It will likewiſe eaſily appear, that the 
mean diſturbing force bears a much 
greater proportion to an indefinitely ſmall 
variation therein, than the diſtance of 
the ſun to a correſponding variation in 
the diſtance ; chat is, 4; x er 2 bears 


—1 54? 42-2974 


a greater proportion to 2 * — * 


than à to 4. For, dividing the antecedents 
by the conſequents, the meaſures of the 


4 2 
rworatiosare X% +304 2 and -3 which 


—154 297 
are to each other as 8a*+30a*+297 to 
—4x15a*+297 3 or (by neglecting 297) 
as 24 +754 (or 24, nearly) to — 15. 
It will therefore by no means appear 
ſtrange, that the diſtance of the ſun, 
found by making uſe of the mean force, 
according to Dr Stewart, ſhould be much 


different from that which comes out from 
5 


[ 22 ] 
making uſe of the true mean force, as 
will appear farther on. 


It will be neceſſary here to remark, 
that we call the mean force, determined 
above, the true mean force, only to diſ- 
tinguiſh it from Dr Stewart's ; for tho 
it be. much more accurate than his, there 
are too many quantities neglected to make 
it deſerving of its title, otherwiſe than by 
way of compariſon. 


But to proceed with another objection. 
Since the perpendicular cp (ſee fig. p. 15) 
is plainly an arithmetical mean among 
all the perpendiculars which may be con- 
ceived erected upon the line bc, the mean 
diſturbing force, which it repreſents, muſt 
be an arithmetical mean among all the 
forces, which have acted in the deſcription 
of the quadrant. Now, were the motion of 
the apſes directly in the ſimple ratio of the 
diſturbing force, then if any number of 

diſ- 


1 

diſturbing forces, all different from one 
another, were to act each an equal time, 
tis evident they would occaſion the ſame 
motion in the apſes, as if a force, which 
was an arithmetical mean among theſe 
forces, were to act for the whole time. 
But it will preſently be ſeen, that the 
motion of the apſes is not in the direct 
ſimple ratio of the diſturbing force: hence 
it muſt be manifeſt, that a mean ſolar. 
force, of the nature of the above, can 
never rightly anſwer the purpoſe for which 
it is intended, were it ever ſo accurately 
determined. 


5 


PRO. 


1 


PROPOSITION IV. 


Let ADE be a circle deſcribed round the 

center T, and ſuppoſe that a body deſcribes 
it by a force, tending to T, which is in- 
verſely as the ſquare of the diſtance from 
T; if another force, which is as its diſ- 
tance, act upon the body directly from the 

Center, and, by the compound force, make 
it deſcribe the curve ABC; it is required, 
from having the proportion of theſe two 

forces given, to determine the motion of 
the apſes, and e contra, from having the 
motion of the apſes given, to determine 
the proportion of the two forces. 


Put TA=r=1, TB=x, GB =y, AB =z, 
C4=x=y, BC, and Bd u. Let the force 
of the body 7, at the diſtance TA, be 
repreſented by r or 1, and the diſturbing 
force by n. Then, at the diſtance TB 
ik or x, the two forces that act upon the 
488 n body 


1 


body moving at 
B will become 


locity of che body 
in the circle 46D, 


is the ſame as 
would be acquired by falling from a 
height above A=AT' or x, which there- 
fore is eaſily found to be =r. [See prop. 3 
tract 3, of Tracts Phyfical and Mathemas 
tical.) It is likewiſe commonly known, 
that the central force multiplied into 
x, is equal the velocity into the fluxion 
of the velocity, Let the velocity at B 
be put =v, then we have this equation 


AEN uu, and taking the fluents 


=. But at 4 the equation 


7 1 


, nr 
becomes - =——; "3 therefore, by cor- 


retion and 34 we have - 5 * ar 


T Xx2—73 =v?*, Suppoſe AN to be de- 
| E ſcribed 
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ſeribed in the ſame time as BC; then 
from the triangle ATM, being equal the 
triangle 51 U, we gain the following pro- 
portions, viz. AN*:BC*::r*:y?, 

and — — 3Bd*: AN*::r*:x?, 
therefore, ex æquo Bd*: BC? ::r*:x*y? 


that is, — — u*:2* :: r*:x%0?, 
By diviſion — 1: x? :: r*:x% A., 


q . * — --- - 
hence — — zu :x :: r: N, 


conſequently u = . In the value 


ay v* x*—r* 


of v? found above ſubſtitute r+y for x, 


and neglecting all the terms where y is 


found above the ſecond power, we ſhall 
2 y 


have, when reduced, 2 — 
V 2nr*y— - 5ur 


3 — 45 
—lhberefore r+y x u = 
V 2nr—r—;5nxy 
1 {jb 


= twice the area 
vV — Fr 2nr—r—;nxy 
of the fluxionary triangle BITC. When the 


body comes to the apogee, u = 2 or 720 


— 


2 x, that 1 18, the denominator 1 2Nr- T—5 n> * 
=O; 


LW. 1 
o; therefore, ſuppoſing r=1, y will be 


found = — Taking the fluent of the 


above fluxion at that time, and ſtill ſup- 
poſing r= 1, we have twice the area de- 
ſcribed while the body paſſes from pe- 


regee to apogee, or the area deſcribed 


— 


from apogee to apogee =——_ +þ=—= 


y/ 1—5n 


Ty 


(e being = 3: 14159.) Now the area of the 
circular orbit is = c; therefore the above 
. area is to the area of the circle, 


as — + to 2 : I—4n: 1—5alf * 

5 = 
Hence the time of moving from apogee to 
apogee, is to the time of deſcribing the 
circle ADE with the force r or 1 : Fg 


1 nk. 


The periodic time of the body in the 
curve ABC, with the compound force, will 
be nearly the ſame as in a circle at the 
mean diſtance, 'and with the compound 
force proper to that diſtance, The leaft 

E 2 Diſtance 


4% I» ay 
diſtance is r, or 1, the greateſt diſtance 


= 1 + 7 half the ſum of theſe = 


1+n, nearly, equal the mean diſtance. 
The compound force, at this diſtance, wall 
be eaſily found = LIES It is a pro- 
perty of central forces commonly known, 
that the periodic times in circles, are 
in the ſubduplicate ratio of the radius 
of the circle directly, and of the central 
force inverſly: Therefore, the time of 
deſcribing the circle ADE, is to the 
time of deſcribing a circle at the mean 
diſtance, or the time of a revolution, ag 
„ 1I—nx1+nl to Ia. Hence, compound- 
ing this proportion with that found above, 
we {ſhall have the time from apogee to 
apogee, to the time of a revolution round 


the body 7, as I—anxv 1—nx1 + 


to 1—gnlf X 1+mf, or as I—2n++n* to 
1—6n—+n*, nearly. Therefore if n be 
given, the motion of the apſes may be 

found 
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found ; and if the motion of the apſes be 
given, u is eaſily found: For, taking the 
ſame numbers as are made uſe of in prop, 
9, ſe. 1. Supplement to Tracts Phyſi- 
cal and Mathematical, 58091 : 57600 : : 
I—2n+4n*:1—61—3n*, or, {35337 = 
1—3n—P n*; hence n is eaſily found, 


The ſame by a different method. 


; ; : _ 
We found before that u = —=====— 
| ay 2n—1—5*Xy 


Then by ſimilar triangles TB: TG:: Bd: C, 
3 "Ty — nd : 


that is, 1 +7; 1; 7 
hy ym . = Gg, which is the meaſure 


of the angle BTC. Throw 2, into a ſe- 
ries, then n wi — the 


| 2n*c 
fluent, we have = =E — = 2, 15 


= =; &c, = arch deſcribed in paſ- 


2. Far 
ſing 


> 


1. 
1% 


4 
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ſing from peregee to apogee; therefore, 
from what has been ſaid above, it 1s evi- 


nc 


dent, that 58091: $7600 : — = 
AE 5 . . 
+ = &c. : c, from which proportion 


u will eaſily be found, 


COROLLARY. 

It is a thing commonly known, and 
which we ſhall not ſtay. here to demon- 
ſtrate, that the diſturbing force of the 
ſun upon the moon is, ceteris paribus, in 


the direct fimple ratio of the moon's dif 


tance from the earth; therefore n may 
very fitly be put equal the mean diſturb- 
ing force found in Cor. 1ſt, Prop. 3d. 
Hence, for determining a, or the ſun's 


diſtance, there is this equation 2 


a* 2 
i 105 En, which reduced gives a = 


15 * 
* 16P* u—8p* . J N . 
p But 


[ 38 J. 
But if Dr Stewart's mean force be put = n, 
we ſhall have, when reduced as above, a = 


_—_——————————— 


* 452 — 
N by D | 16 P* n—8 p** 
Theſe two equations will give the values 


of a much different, let a be what it will, 
as is evident from inſpection. 


SCHOLIUM. 


We ſhall now endeavour to point out 
the principal miſtakes, which, we appre- 
hend, Dr Stewart has made, in attempting 
to ſolve this cutious problem. And firſt 
let us examine his calculations, ſuppoſing 

all the principles he has gone upon to 
be right. | 


In this propoſition we had the following 
proportion, viz. the time of the body 
moving from apogee to apogee, is to the 
time of -the body deſcribing the circle 
ADE with the force of the body T 

alone 
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alone : : 1—41:1—5 n[*, Then, if we 
ſuppoſe with Dr Stewart, that the time of 
a revolution of the body in the curve ABC, 
is equal to the time of a revolution in the 
circle AGD, with the compound force at 
A, we ſhall have the following proportion, 
which is the ſame with his; ſee- page 381 
Tracts Phyſical and Mathematical, viz. 
The time of deſcribing the circle, with the 
force of the body T alone, 1s to the 
time with the compound force :: IA: 1. 
Therefore compounding this proportiort 
with the above, the time of moving from 
apogee to apogee, is to the time of re- 
volving with the compound force :: 14 
X ion: ent; that is, 58091: 57600: : 
141 Ii: Int; or (putting a= 58091, 

= 57600) ꝗ b*:: 1-9 + 24 16A: 
1=5n' = 1 IFT 7 Fun- 125n. From di- 
viding the conſequents by the antecedents, 
we get 2 1—6#—3n*, nearly; whence u 


will be found = . 0028015. Dr Stewart, 
; for 


E 


for finding the value of u, has this pro- 
portion, a* 1s to b* as the cube of the 
greateſt diſtance is to the cube of the 
leaſt diſtance. [See page 381 Tracts, &c.] 


But I is the leaſt diſtance, and 1+ — 
the greateſt diſtance; hence this propor- 


21 
152 


1 —_ — 
tion, a*: b*:: 1+ | 1 :: Iz: I- In 


: 1-9 27/27 In. Compare this 
with the former proportion, and it will 
be eaſy to ſee where they differ. For, if 
4* in each be neglected, they only vary 
in the third term, where there is 27n* in 
the laſt proportion, inſtead of 24 in 
the former. The difference is indeed very 
ſmall, yet it occaſions a very great al- 
teration in the ſun's diſtance, as will ap- 
pear immediately. From this laſt propor- 
tion the value of n is 00279770 &c. 
whoſe reciprocal is 35743365, the very 
ſame number found in prop. 9 ſect. 1, 
ſupplement to. Tracts, &c. Now if this 
ä value 


* * — = - * 
* by . — — 
* — 
1 — - 
—_— — — - — - — - - — - — — - _ - 
l — — 5 
> > — — — — — > > — - _ 2 — — — 
— --» 2” — — — — — - 2 — : —— 
: - . ; - - - _ X - — 2 — — — - - — . * 
— —ñ—— r h - — ——ů— — 1 — = = 
2 . . TT x — . £9 =» 2 — 
- ö 2 - — = = 
2 4 — * 2 r — "4 2 


re e 


* — 
2» - og 
SAS a 


our — — 
Mo bo 
l - 2 - 
- - 
3 oy 
— — EI 2 


=: EEE _— 
— —— — 
— i= - — — 
— — . — — > 
* 


— x3 i Ea 
E CAE FLEE 5 * SH — * 
— - im = 3 * 4 


13 
l 4! 1% 
Wi 
1 144.49 
, " 
Wan 
| 1. 
: . 
11 
| 
| | 
| : 
. 


34 J 
value of n be ſubſtituted in the ſecond 
equation for a, page 31, and p* be put= 
1, and P* = 178725, à will come out= 
495932 &c. which falls within the limits 
the Door has preſcribed, and agrees 
with his number in every place, except 
the laſt. But if the other value of m, viz. 
"0028015, be ſubſtituted in the ſame e- 
quation, à will come out = 89'8, nearly. 


The difference of the two values of n, 
here made uſe of, is only 0000038 &c. 
which is ſcarce the 737th part of the 
whole, and yet the difference in the ſun's 
diſtance occaſioned by this extremely ſmall 
variation in u, or the mean diſturbing 
force, is no leſs than 406 times the moon's. 
diſtance ; which is even more than the 
ſun's diſtance has generally been thought 
to be. But if n was taken = *002797 59, 
and ſubſtituted in the ſame equation, a 
would come out infinite, though the va- 
riation here, from Dr Stewart's value of 


SS % 


n, is only *00000011 &c. which is leſs than 
the 25433d = of it. Thus laſt value of 


# is = ——=—57, hence in the equation 


for the value of a, the denominator 16P*n 
— 8p? =o, therefore a mult be infinite. 


To prevent any objections that may be 
made to the above method of calcula- 
tion, we ſhall examine in what manner 
the value of n is affected, by rejecting 
all the terms in the value of v*x?, in 
which y is found above the ſecond power, 


[See page 26.] Qur value of u is 

Fu 3 
r 
— - then u will be= 


L -, Extracting the root, 


am 1 —nxy* + 4m) * 


the denominator becomes = — Jury al 


4 any? 


4 pemirom — = &c. Dividing 7 by chis 
20-1 fun 7 


F 2 ſeries, 
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ſeries, 1 will =— en 2ny's T 
2ny—1—5nxy* -2n—1-51>x*| 
&c. Multiply both ſides by 1+y, and take 


the fluent when y = == , and we have 


nc 


the whole area = —— + — ſome 


1-5 gelt | 
ſmall quantity, which put = s. This 
area therefore is to the area of the cir- 


cle, as — +— is to c, or as 
Ig 1-5 

1-4 I- Fut is to 1-5n*. And the 
time from apogee to apogee, is to the 
time of a revolution in the circle 46 
with the force of the body T alone, 
as 147 1—5nl* 15 to 1=5nF. By pro- 
ceeding in the ſame manner as above, 
it will eaſily appear, that n will come out 
greater than before, though « be ever ſo 
ſmall ; and if y* be taken into the ac- 
count, u will ſtill be greater. 


From 


TX = 


by 


From what has been faid, it is evident 
that the value of u, determined above, is 
not greater than it ought to be, and con- 
ſequently, that Dr Stewart's value is too 
little, allowing all the principles he has 
gone upon to be right. 


And by the bye, does it not appear 
probable, from the Doctor's being ſatis- 
fied with a proportion for determining u, 
which, though very near the truth, is 
nevertheleſs inaccurate ; that he has not 
been well apprized of the great alteration 
in the ſun's diſtance, which is occaſioned 
by a very ſmall one in the diſturbing 
force? — This is mentioned as a circum- 
ſtance which leads to the moſt favourable 
apology, that can be made, for the confi- 
dence with which our author gives us a 
meaſurement, of the ſolar ſyſtem, fo much 
different from that which has been hi- 
therto held, by our - moſt eminent Aſtro- 

| | nomers, 
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nomers, as not egregiouſly wide of the 
truth.— To proceed: 


But if our value of n, determined 
above, be ſubſtituted in the equation for 
determining a, deduced from what we call 
the true mean diſturbing force, we ſhall 
have a, or the diſtance of theſun, ſtill much 
leſs than before; and indeed much leſs 
than the ſun's diſtance was ever thought 
to be; for it is only = 50'1 times the diſ- 
tance of the moon, nearly. 


Here then is a very large error, ariſing 
from a miſtake in the Dodtor's calculus ; 
it now remains that we examine the prin- 
ciples themſelves which he has aſſumed, 
and ſee whether we have any thing to 
expect from this method of finding the 
ſun's diſtance or not. Thoſe objections 
only will be mentioned which ſeem ta 
be of the -greateſt weight, nor ſhall we 
give any calculations, as it will be ſuffi: 


cient 


| LIT: 
cient to point out where we apprehend 
he has erred. | 


In the firſt place, Dr Stewart ſuppoſes 
the body to deſcribe a revolution in the 
curve ABC, in the ſame time that ano- 
ther body would deſcribe the circle AGD, 
with the compound force at A; but that 
this is not ſo, has been proved, page 27. 


2dly, Is it not eſſentially neceſſary in this 
enquiry, that the proportion of the ſolar 
force to that of the earth upon the moon, 
be exactly found? And in determining 
this, is not the periodic time of the moon 
round the earth taken into the account, 
and the earth ſuppoſed to be the center 
round which the moon moves? This there- 
fore muſt occaſion a conſiderable error, 
the earth and moon, as it is well known, 
moving round their common center of 
gravity ; and conſequently, a period of 
the moon will be accompliſhed in leſs 
ume, 
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time, than if the earth were the center 
about which it revolved. To correct this 
properly, it will be neceſſary to know 
exactly the proportion of the quantities 


of matter in the earth and moon; a par- 
ticular I am afraid we ſhall never be able 


perfectly to come at. 


3dly, We have anticipated another ca- 
pital objection, where we obſerved, that 


though the mean diſturbing force were 


ever ſo exactly found, yet the diſtance 
of the ſun could not be determined from 


it to any great degree of accuracy. [See 


page 23. 


4thly, Since the center of gravity of 
the earth and moon moves forward, in 
the ecliptic, ſeveral degrees every revolu- 
tion of the moon round the earth, the 
motion of the apſes occaſioned by this 
diſturbing force, will be conſiderably dif- 
ferent from what it would be, ſuppoſing 

| the 


E 4 3 
the center of gravity at reſt, as we have 
done in this propoſition. This requires 
no demonſtration, being evident as ſoon 
as* mentioned. 


FIthly, The true figure of the moon's 
orbit being an ellipſis, it muſt, with tlie 
ſame diſturbing force, have a different 
motion of the apſes to that of our ſup- 
poſed circular one; and to anſwer the 
queſtion right, the motion of the apſes 
ought to be determined in general for 
any excentricity whatever.— To fee how 
the above conſiderations would ſucceed 
in calculation, I made a rude trial, but 
the reſult varied greatly both from Dr 
Stewart's numbers, and thoſe commonly 
adopted'by Aſtronomers. | 


6thly, But if the motion of the moon's 
-apogee cannot be accounted for, upon the 
common principles of central forces, (as 
| G is 
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is the opinion of Mr Machine) will not 
this be a more diſheartning circumſtance 
than any pointed out above? 


From what has been ſhewn, it plainly 


appears, that the method of determining 


the ſun's diſtance, pitched upon by our 
author, is very ill fitted for the purpoſe; 
it being ſcarce poſſible, I think, to ac- 
compliſh it this way (that is, by the mo- 
tion of the apſes) though the calculations 
were made with the greateſt accuracy. 
For the principles are too complex to 
make it poſſible to take every thing in 
to the account which belongs to it; and 
unleſs that be done, ſince the ſmalleſt 
neglect occaſions a very great error, the 
reſult will ever be much 'wide of the 
truth. | 


Neither is the motion of the nodes 
much better fitted than the motion of 
the 


[ 43 J 
the apſes for the ſolution of this pro- 
blem. In the' firſt place, this motion is 
ſlower, and therefore requires a more ac- 
curate calculus. And beſides, the force 
M (ſee fig. 1ſt) which moſtly contributes 
to the motion of the nodes, affects the 
diſtance of the ſun very much, by a ſmall 
variation. For if the value of it be put 
into fluxions, and reduced as was ſhewn 
above, we ſhall have the variation of this 
force to the variation of the ſun's diſ- 
tance, as —4y* +7? to a—2) . Hence it 
is evident, that as the variation of the 
ſun's diſtance bears ſo very great a pro- 
portion to the variation of the diſturbing 
force; it is requiſite that this force be de- 
termined to the /aft degree of accuracy. 
But this will be very difficult, if not im- 
poſſible to come at; the figure of the lu- 
nar orbit, its inclination to the ecliptic, 
&c. &c. being ſo variable. 


From 


69h23 


* 
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rem what has been ſaid, tis dreſumbd 
it may be fafely concluded, chat the diſ- 


tance of the ſun will never be ſatisfac- 


torily aſcertained by the THEORY of 


GRAVTT TY. 
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P. 5 in the 


an a 
M. 


At the interſection of the lines BD, 
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1, read S M= 4/a* —2a 


3 line 
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